The circular restricted three body problem is investigated in the context of accretion and scattering processes. In our model a large number of identical non-interacting mass-less planetesimals are considered in planar case orbiting a star-planet system. This description allows us to investigate in dynamical systems approach the gravitational scattering and possible captures of the particles by the forming planetary embryo. Although the problem serves a large variety of complex motion, the results can be easily interpreted because of the low dimensionality of the phase space. We show that initial conditions define isolated regions of the disk, where accretion or escape of the planetesimals occur, these have, in fact, a fractal structure. The fractal geometry of these "basins" implies that the dynamics is very complex. Based on the calculated escape rates and escape times, it is also demonstrated that the planetary accretion rate is exponential for short times and follows a power-law for longer integration. A new numerical calculation of the maximum mass that a planet can reach (described by the expression of the isolation mass) is also derived.
INTRODUCTION
In recent decades many authors studied the planetary growth using either the N-body approach or the statistical 'particle-in-box' approach assuming Rayleigh distribution functions of planetesimals (Nakazawa et al. 1989; Nishida 1983; Wetherill & Cox 1985; Ohtsuki et al. 2002; Rafikov 2003) . All these works deal with the accretion rate onto a larger planetary embryo and scattering among the planetesimals in the disk, in which two-or three-body dynamics is considered depending on the velocity dispersions of the planetesimals (Wetherill & Stewart 1989; Greenzweig & Lissauer 1990; Greenberg 1978; Wetherill & Stewart 1989; Stewart & Ida 2000; Ohtsuki et al. 2002; Ormel & Klar 2010) .
For this investigation setting the origin of the reference frame to the planet and scaling the equations with µ 1/3 , where µ 1 is the planet-to-mass ratio. These make the Hill's approximation an ideal model to study the interaction between the planet and a particle in the circular restricted three body problem (CRTBP) (Murray & Dermott 1999) . However, in this context the dynamics can be investigated only locally. In this approximation no azimuthal dependence of the dynamics appears. The initial conditions that lead to different end states of the particles far from the embryo's position, remain hidden in the whole configuration space. In order to map the x-y plane around the central star one needs to integrate the equations of motion of the CRTBP.
To estimate the maximum mass of a forming planet, a simple geometrical assumption has been used so far (Lissauer 1993; Armitage 2010) . The classical picture states that the whole mass that a growing planet can collect is the area of an annulus around the planet's orbit, the so-called feeding zone, multiplied by the surface 1 University of Applied Sciences, H-1148 Budapest, Nagy Lajos kir.útja 1-9., Hungary density of the planetesimals corrected by a numerical factor. However, it is known that the accretion process is very complex (Nishida 1983; Petit & Hénon 1986; Spahn et al. 1994; Cordeiro et al. 1999; Waalkens et al. 2005; Ormel & Klar 2010) presenting chaotic zones in the feeding zone. Furthermore, there are particles in the feeding zone excluded from the accretion process, they never reach the embryo's surface but remain bounded for very long integration times.
In this Letter the CRTBP has been investigated in the context of planetesimals' accretion and escape, focusing on short-and long-time dynamics. We found that the initial conditions describing different destinations of the planetesimals in the feeding zone form fractal structure. This complex geometry is strongly related to the chaotic dynamics and, therefore, the classical formula of the maximum reachable mass should be corrected according to this structure. We also persent a general method, for a given mass parameter (µ = 0.001), which demonstrates how the fractal geometry can be taken into account in order to estimate the amount of the accreted planetesimals.
ESCAPES FROM DYNAMICAL SYSTEMS
There are two major groups of conservative dynamical systems, as is the CRTBP, where escapes are possible. The first one is called an open system, in which, for certain energy levels, the equipotential surfaces open up and the originally bounded domain of the phase space extends to infinity. Such open systems are frequent in dynamical astronomy (Benet 1998; Ernst et al. 2008; Astakhov et al. 2003; Simó & 2000; Aguirre et al. 2001; Harsoula & Contopoulos 2011; Contopoulos 2002) . The escape process from the CRTBP proceeds in two stages: (i) escape through openings in the equipotential surfaces around the saddle points of the potential (collinear Lagrangian points) and (ii) two-body encounters that induce scattering of the planetesimals into the escaping part of the arXiv:1412.1510v1 [astro-ph.EP] 3 Dec 2014 phase space, referred to as the chaotic scattering process (Eckhardt & Jung 1986; Jung 1987; Bleher et al. 1989; Tél & Gruiz 2006; Ott 2002; Petit & Hénon 1986) .
The second group of dynamical systems that show escaping behavior contains the so-called leaky chaotic systems. In this concept an originally closed system is leaked with an arbitrary (but small) hole somewhere in phase (or configuration) space and the probability of escaping trajectories can be measured through that hole (Altmann et al. 2013 ). This problem is "leaky" in that planetesimals can collide with the planet embryo, and hence that the planet's physical extent represents a hole in the configuration (or phase) space through which trajectories can escape the system. Therefore, there is a second escape route from the system (accretion) that is not present in the system where the planet and star are point particles.
These two groups of the escaping dynamics are related via the theory of transient chaos (Lai & Tél 2011) . If there are more than one leak in the system, they share all the dynamical properties of finite-time chaotic behavior, i.e. the average lifetime of chaos, the escape rate, the chaotic saddle, average Lyapunov exponents, etc. (Altmann et al. 2013) . Interestingly, these results hold in our case as well, i.e. if the system contains an escape route to infinity and also a leak, the dynamics behaves as if it would be a two-leak-system. Finite-time chaotic behavior in dynamical astronomy may appear in scattering processes such as, close encounters, temporary captures (Iwasaki & Ohtsuki 2007; Lee et al. 2007 ), moon-ring (Jackson & Wyatt 2012) and planet-planetesimal interactions.
Transient chaos serves two types of escape processes:
short-and long-time escapes. Quantitatively, the exponential decay of the survival probability for short-time escapes can be described as (Altmann et al. 2013) :
where the escape rate κ is an invariant quantity for a large number of initial conditions describing the shorttime escape dynamics. For long-time escapes the decay of trajectories becomes power-law instead of the exponential decay equation (1) 
where σ denotes an algebraic decay exponent of chaotic trajectories that might come close to regular domains and mimic ordered motion for very long times.
NUMERICAL INVESTIGATION OF ESCAPING DYNAMICS
To study the escaping dynamics in CRTBP we performed numerical calculations of a large number (3 − 4×10 5 ) of non-interacting mass-less planetesimals placed initially on a ring (r ∈ [0.7, 1.3], φ ∈ [0, 2π]) around the barycenter of the system. Their initial conditions define circular Keplerian orbits. We consider co-rotating frame with the Keplerian angular velocity of the planet. The length unit equals to the planet-star distance, the time unit is the orbital period, and the sum of the masses equals to 1. In these units the gravitational constant is 1, and the dynamics of planetesimals is governed by the dimensionless equations of motion (Szebehely 1967) 
where r, v, and L are the barycentric distance, radial velocity, and angular momentum, respectively. Φ denotes the stellar and planetary gravitational potential. The escape of a planetesimal from the system can be interpreted as the accretion onto the planetary surface or scattering out of the system by the planet. In our model the above processes occur when
• (accretion) a planetesimal approaches the planet closer than 0.5r H (r H is the Hill radius of the planet) and its velocity is smaller than the escaping velocity at that distance. The planetesimal is removed from the system and its initial position is marked as a point of the leak formed by the planet in the initial annulus;
• (scattering) the planetesimal is perturbed to a hyperbolic orbit caused by a close encounter with the planet. In this case the planetesimal is also removed from the system and its initial position is added to the escape channel to infinity.
Since almost all planetesimals starting from the feeding zone leave the system (scattered out or accreted) within couple of hundreds orbit in agreement with Paardekooper (2007), calculations were performed up to 500 orbital revolutions of the planet for short time dynamics and 10000 orbits for long-time dynamics. The integrator is a fourth-order adaptive step size Runge-Kutta scheme with a maximum relative energy error of 10 −8 . We did not use the regularized equations of motion because close encounters due to the accretion conditions do not appear in this problem. We considered no mass growth of the embryo in time as it accretes particles. In order to save computation time, planetesimals on hyperbolic orbits were followed until their radial distance exceeded r = 5 (Nagler 2005) . Some test runs show that there are planetesimals with much longer life-times, and these and the mechanism of the dynamics behind this phenomenon will be discussed in the next section. In the numerical simulations the mass ratio is µ = 0.001, which is close to the parameter of the Sun-Jupiter system.
RESULTS
In what follows, we present our numerical results on the short-and long-time escape dynamics of planetesimals and their relation to the geometrical structure of the disk.
Figure 1(a) shows the contour plot of escape times from a given initial position in the planetesimal disk. Next to this panel the color-bar indicates the color codes for different escape times (up to t = 500 rev). Monitoring the escape times means tracing of how long an individual planetesimal lives as a member of the disk before leaving it either to infinity or accreted to the planet's surface.
As can be seen in panel (a), two sharp zones (black) are formed around the planet's orbit corresponding to very low escape times, 50 revolutions.
The most interesting domain is, however, the edge of two low-escape time trails at the inner (close to the horseshoe region
2 ) and at the outer part of the feeding zone (where Keplerian dynamics is not affected by the forming planet). One may think that initial positions with the same order of escape times are distributed randomly or at least "scattered" in the annulus. Our simulation demonstrates that on the contrary, the escape times show a filamentary fractal structure at the borders of the regular domains.
To check the fine structure of panel (a) we cut the disk in radial direction at three different azimuthal positions, θ = 0.05, 1.5, 3.05 radians (dashed lines). Escape times for these slices are plotted in Figure 1, panel (b) . One can observe the spiky structure of the plot. Plateaus represent the non-escaping domains. Note that the closer the initial position to the edge of the bounded region (where the planetesimals are neither accreted nor got escaped), the longer the escape time. Other interesting feature can be obtained when the resolution is refined at a given region, panel (c). We can conclude that the structure is self-similar, i.e. between spiky parts one can always find shorter or longer segments corresponding to very low escape times. This self-similarity is the fingerprint of chaotic dynamics while close encounters between the planet and planetesimals take place.
A more informative picture can be drawn if we separate the initial conditions depending on the final state of the motion. Figure 2 (a) depicts the initial conditions of bounded (green), escaped (blue), and accreted (red) planetesimals with different colors. We can consider these subsets of the disk as the "basins of attraction", say, the red dots form the basin of attraction of the planet, i.e. all these planetesimals hit the planet's surface sooner or later. Blue dots mark the basin of attraction of the infinity. The planet's feeding zone can, therefore, be thought as a subset of the Keplerian disk between 0.8 r 1.23, excluding the horseshoe region and trajectories that escape the system.
The similarity with Fig. 1 is evident, some of the escaped and bounded trajectories seem to overlap the filamentary structure of high escape times. The picture is, however, more complex. There are also initial conditions from the red domain ( Fig. 2(a) ) that survive long integration time before they are accreted as we will see later.
Figure 2(b) and (c) contain the number of surviving planetesimals vs. time of the six black rectangles in Fig. 2(a) . The log-linear plot indicates that for shorter times the escape is exponential as is expected from the dynamical system theory. The average life-time, τ, that a planetesimal spends in the system, can be approximated by the reciprocal of the escape rate κ. Separating the scattered (panel (b)) and the accreted (panel (c)) trajectories one may notice the same slope of the exponential decays. This is the consequence of a fundamental phenomenon in leaky chaotic systems. Namely, the escape rate is an invariant quantity but the amount of planetesimals outflowing through the different leaks, in our case the planet and the gate to the infinity, might . Green: bounded motion, red: accretion onto the planet, and blue: escape from the system. The integration time is T = 500 revs. The filamentary structure is similar to that in Fig. 1. (b-c) Short-time escape dynamics for planetesimals starting from rectangles in panel (a). Six different ensembles of planetesimals show the same escape rate, κ = 0.0047, independent of that how they leave the system (accreted or escaped to infinity) (d). Simulations for longer integration time (T = 10000 rev) show power-law decay of escaping planetesimals. This phenomenon is related to the trajectories that may come close to the border of regular domains. The decay rate is described by the exponent σ = 1.483.
be different (Altmann et al. 2013 ). For example, in case of box r ∈ [1.1, 1.2], θ ∈ [2, 2.2] 48620 planetesimals hit the planet and 1379 planetesimals leave the system with the same rate (and 1 remains bounded), κ ≈ 0.0047, τ ≈ 200 revs, (see equation (1)).
One can also identify the power-law decay for longer integration times, see Fig. 2(d) . The tail of the survival probability always represents the sticky orbits that come close to the regular domains of the phase space. The decay rate σ defined by equation (2) is found to be 1.483. Figure 3 compares the spiky structure of slice 2 (see Fig. 1 ) for different integration times. Short plateaus still appear for 10 6 revolutions, panels (b,c). This feature is responsible for higher order mean motion resonances where planetesimals are trapped and their motion remains bounded. At some radial distances, relatively high lonely spikes are also visible in the middle of triangle-like shape formed by shorter escape times, panel (d). This phenomenon is related to unstable periodic orbits and the high escape time indicates that we started the planetesimal close to the stable manifold of the hyperbolic periodic orbit (HPO). The union of these HPOs is the backbone of the chaotic saddle and controls the transient dynamics in the system. Note that this behavior was also found by Petit & Hénon (1986) (Figure 6 ) [called transition zones] but they did not recognize it as a basis of transient chaos.
With this procedure we can estimate numerically the ratio of the accreted and scattered planetesimals in the planetary feeding zone. It can be shown that the filamentary structure, which is actually a fractal set, is an invariant of the dynamics, i.e. the fractal dimension of the basins of attraction is constant (Lai & Tél 2011) . This results in the extended formula of the isolation massthe mass of all the planetesimals that are accreted to the planet,
where Cr H = ∆a is the half-width of the feeding zone, a is the orbital radius, and Σ p denotes the surface density of planetesimals. C has different values in the literature, e.g. 2.5 (Petit & Hénon 1986 ), 2 √ 3 (Lissauer 1993 ), 2.3 (Armitage 2010 . In equation (4) the factor C describes a regular annulus shape without planetesimals scattered from the systems or trapped in higher order mean motion resonances.
Therefore, the geometrical factor, C, must be revisited in equation (4). Let us suppose we can measure the "space filling factor" of the filamentary structure for the accreted planetesimals, i.e. the fractal dimension is known. Basically, we want to know the number N, oflong line segments that cover the accretion part of ∆a, see the schematic picture in Fig. 4 . This procedure is known as box counting dimension. Let /∆a be the dimensionless length of a line segment, where varies through several magnitudes, and, therefore, can be thought as of the measure of resolution. The number of line segments, N, depending on reads
where D denotes the fractal dimension.
3 From equation (5) the whole length covered by accreted planetesimals in radial direction can be obtained simply
Following equation (6) the half-width ∆a in equation (4) should be changed to 1−D (∆a) D , and, consequently, C = ∆a/r H becomes
where /∆a < 1, 0 ≤ 1 − D < 1, and we can write a new, generalized multiplication factor, C gen , as
where D is the fractal dimension in radial direction, κ denotes the escape rate, and λ the average Lyapunov exponent (LE) of the transient trajectories. Thus, we have a new numerically determined geometrical factor in the formula of the isolation mass which is related to the dynamics of the system through the LE. The link between D, κ, and λ is the Kantz-Grassberger relation (Kantz & Grassberger 1985) . In equation (8) the original C is an upper limit to the general multiplication factor C gen . Additionally, one can clearly see that C gen tends to C when κ → 0. It means when the planetary perturbation is small (µ → 0), i.e. in the limiting case when no planet is present, the problem reduces to a simple two-body problem [star-andplanetesimal] . Consequently, all the planetesimals revolve on Keplerian orbit defined by initial conditions and no scattering takes place (κ = 0), hence C gen = C. A detailed analysis of the µ dependence of C through D will be presented in a forthcoming paper.
In practice, first the half-width of the feeding zone (∆a) must be computed. It is a simple procedure where one needs to find the inner and outer border of that part of the disk where the main bounded plateaus start. The Hill's radius is defined by the mass parameter (r H ∼ µ 1/3 ) of the system. Next step is the fractal dimension D which can be obtained from the covering -line segments. Having ∆a, r H , , and D finally we can compute C gen from equation (8). C gen for µ = 0.001 is found to be 1.693.
SUMMARY AND CONCLUSION
In this Letter we presented a dynamical investigation of an ensemble of non-interacting planetesimals in circular restricted-three body problem for the mass parameter µ = 0.001.
Numerical calculations show that the initial conditions of accreted and scattered planetesimals in the planetary feeding zone form filamentary structure which is a fractal set along the radial direction. This structure indicates the complex motion of planetesimals having close encounter with the planet. We can also identify selfsimilarity in escape time distribution along the radial direction for relevant time scales of the system. This implies that transient chaos is responsible for the short-and long-time escape dynamics.
It is possible to separate the initial conditions depending on their final destinations. Therefore, we proposed to identify the fractal dimension along the radial direction of the "basins of attraction" and introduced a simple correction with this measure in the formula of the isolation mass. Nevertheless, the fractal dimension is in close relation with dynamical parameters of the systems, the escape rate and the average Lyapunov exponent. In this context, we can say that the feeding zone and the isolation mass are strongly related through the chaotic dynamics of the system. We also demonstrated that for low-mass planets the new formula tends to the classical expression.
